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Abstract 
We explicitly construct both homogeneous and nonhomogeneous multivariate Pad& approximants to some functions 
which satisfy some simple functional equations, by using the residue theorem and the functional equation method 
which has been used successfully by Borwein (1988) to construct one variable Padk approximants to the q-elementary 
functions. 
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1. Introduction 
Multivariate Pad& approximants have been investigated extensively by Prof. A. Cuyt of the 
University of Antwerp, Belgium, and her co-workers. They have established existence, uniqueness 
and nonuniqueness results for homogeneous and nonhomogeneous multivariate Pad& approxi- 
mants to formal power series of several variables. They have also developed algorithms to calculate 
the approximants, notably multivariate analogues of the QD algorithm. In the past three years, 
there have been extensive efforts to understand the convergence theory of these approximants. 
Building on the work of Goncar, Karlsson, Wallin, and Cuyt, several authors including Cuyt, 
Driver and Lubinsky have established Nuttall-Pommerenke and de Montessus type theorems (see 
[S-9]). Despite all these activities, there are very few explicit constructions of multivariate Pad& 
approximants. Our intention in this paper is to construct the multivariate Pad6 approximants to 
some functions which satisfy a simple functional equation. There have been some results concern- 
ing the construction of univariate Pad6 approximants to the q-elementary functions (see [2]): 
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Theorem 1.1 (Borwein [2]). Fix q E @. Suppose F,(x) is an entire function of x. Let 
Z(x):= k s F4(tx) dt C, (r&,(t - qk))tm+l’ 
where c, is a circular contour containing 0, q”, ql, . . . , q”. 
Let 
and 
B(x):= -$ $ .[ 
m 
1 I E&X) l-I;=, (t - qk) t=o’ 
(1.1) 
(1.2) 
(1.3) 
Then, 
(a) I(x) = A(x)F,(x) + B(x); 
(b) Z(x) = O(X~+~+~); 
(c) B(x) is a polynomial of degree m in x; 
(d) Zffor each i 6 n, F4 satisJies a functional relation of the form 
Fq(q’x) = Ni(x, q)Fq(x), 
where Ni is a polynomial of degree i in x, then 
(1.4) 
> 
qi(m+l) 
(1.5) 
is a polynomial of degree n in x. Furthermore, the m, n Pad2 approximant to F4 is just - B(x)/A(x). 
In multivariate Pade approximation, researchers usually have distinguished between homogene- 
ous (see [3,6,8]) and nonhomogeneous (see [S, 71) approximants. Now we recall the definitions of 
multivariate Pad& approximants. 
Definition 1.2. Let F(z) denote a power series of k variables zl, z2, . . . , zk, convergent in a neigh- 
bourhood of 0, where 
z = (z1, z2, . . . , zk) E ck. U-6) 
We can rearrange the Maclaurin series of F into a homogeneous expansion 
FCz) = f ficZL (1.7) 
j=O 
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where fj(z) is a homogeneous polynomial of degree j, that is, 
fj(_z) = 1 
. 
Cj,j,,,,j,ZJ,‘Zf *‘* Zte 
j,+j,+ +j,=j 
(1.8) 
The homogeneous multivariate Pad2 approximant of type (m, n) to F, denoted [m/n] (_z) = (P/Q)@), is 
a rational function of z, where 
mn+m mn+n 
p(_Z) = 1 Pj(Zh Q(Z) = C qj(Z) (1.9) 
j=mn j=mn 
satisfy 
(FQ - PM = f cjk), 
j=mn+m+n+ 1 
(1.10) 
where each pj, qj, cj is a homogeneous polynomial of degree j. 
The “shift” mn in the homogeneous terms in P, Q and the remainder term in FQ - P is essential 
to guarantee the existence of the approximant. We can restrict ourselves to those multivariate Pad& 
approximants where P and Q start with a constant term. The shift over mn disappears in this case 
(see C3,41). 
Also we define for t E @, 
t_z:= (tz1, tzz, . . . ) tz/J. (1.11) 
In order to avoid notational difficulties, we will restrict ourselves to the case of bivariate 
functions to the nonhomogeneous multivariate Pad& approximants. The generalization to more 
than two variables is straightforward (see [4, 51). 
Definition 1.3. Let 
F(x, y) := 1 CijX’Yj, Cij E C, (1.12) 
(i, j) ??N* 
be a formal power series, and let M, N, E be index sets in N x N =: N 2. The (M, N) nonhomogeneous 
multivariate Padt approximant to F(x, y) on the Jinite set E is a rational function 
J-TX, Y) CW~IE(X, Y) := - Qb, Y)' 
with polynomials 
P(X, Y) := 1 UijX’yj, UijE a=, 
0. j) E M 
Q(% Y):= (, FEN bijX'Yjv bijE d=, 
1, 
and an interpolation set E, such that 
(FQ - P)(x, y) = 1 dijx’y’, dij E @, 
(i, j) s N2\E 
(1.13) 
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with 
M c E, 
#(E\M) = #N -1, 
(1.14) 
(1.15) 
and E satisfies the inclusion property 
(i,j) E E, 0 d k d i, O<l<j =s (k,l)EE. (1.16) 
We also need the standard 4 analogues of factorials and binomial coefficients. The q-factorial is 
Cn, , .= Cn,, .= (1 - cm - P) .-. (l- 4) 
4’. . . (1 - 4)” ’ 
(1.17) 
where [O],!:=l. Since (1- $‘)/(l- 4) =l + 4 + ... + q”-l, it is clear that 
lim [n],! = n!. 
4-l 
The q-binomial coejicient is 
(1.18) 
n n [I [I k,:= k Cd ! := [k] !. [n - k] ! ’ 
and as above 
We note that 
fi (qk - qh) = (- l)kqk(2n-k-1)‘2[, - k]! [k]!(l - q)“, 
h=O 
h#k 
and 
1 
I-I;=& - qk) 
= (_ l)n+lq-n(n+l)/2 m 
xL 1 I=0 n : 1 t’q-“‘. 
(1.19) 
(1.20) 
(1.21) 
(1.22) 
In multivariate Pad& approximation, the situation becomes much more complicated than in 
univariate case. The difficulties arise especially when we want to find the appropriate index sets of 
the denominator and the numerator, and the interpolation set for a nonhomogeneous multivariate 
Pad& approximant. 
We state our results and give examples in Section 2, and prove all the results in Section 3. 
2. Results and examples 
First we state the results for nonhomogeneous multivariate Padt approximants. Theorem 2.1 is 
a special case of Theorem 2.2. They deal with an interpolation set E that is triangular in nature; the 
index set N defining the denominator is square, while the index set A4 defining the numerator is 
triangular. 
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0 m=n min i 
Fig. 1. Form=n. Fig. 2. For m > n. 
Let 
0 12 m m+n i 
Theorem 2.1. Fix q E @. Let m, n E N, m 2 n 2 0, and 
M:= {(i, j): 0 d i + j d m, i, j 2 0}, 
N:= {(i,j): 0 d i,j < n>, 
E:= {(i, j): 0 d i + j d m + n, i, j 2 O}. 
F(x,y):= f CijX'Yj 
i, j=O 
be entire in C x C and satisfy the functional equation: 
F(qx, qy) = RI (x, YMX, ~1, 
where RI(x, y) is a polynomial of degree 1 in each x and y. Let 
1(x, y):= & s F(tx, ty) dt r (r-&,(t - qk))tm+l’ 
where I’ is a circular contour containing 0, q”, ql, . . . , q”, and let 
k-l 
Rkb, Y):= fl R,(q’x, 4jY), 
j=O 
Wx, ty) l-I&& -qk) t=o' 
(2.1) 
(2.2) 
(2.3) 
(2.4) 
(2.5) 
(2.6) 
(2.7) 
(2.8) 
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Then 
(9 1(x, Y) = m, Y)Fk y) + NT y); 
‘(ii) 1(X, Y) = C dijX'yj> dijE C; 
(i,j)eN*\E 
(iii) A(X, Y) = C UijX'yj, LlijE C; 
_ (6 j) E N 
B(X, J’) = “‘C_ - bijX’yj7 bij E @. 
U,.i)EM 
More precisely, 
(2.9) 
(2.10) 
(2.11) 
(2.12) 
(iv) M E E and #(E\M) > #N - 1, (2.13) 
and then the (M, N) nonhomogeneous multivariate Pad& approximant to F(x, y) on set E is 
CWNIdx, Y) = - #. 
3 
Remark. For functions satisfying 
F(x, Y) = RI (;,;)F(f$) 
the functional equation (2.4), if 141 > 1, 
= RI (;,~)RI(-$-$)F(;,-$ 
and if 1 ql < 1, 
F(qkx, qky) = Rl(qk-% qk-ly)F(qk- lx, qk- ‘Y) 
= Rl(qk-lx, qk-‘y)Rl(qk-‘x, qk-‘y)F(qk-‘x, qk-2Y) 
k-l 
= n RI (qjX, qjy) F(X, Y) 
j=O > 
for integers k 2 1; so for k --+ 00, we have 
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i.e., 
F(x, Y) = FK4 0) ii &Glj% 4jY) 
( > 
-1 
. 
j=O 
Then we can say that functions satisfying (2.4) can be expanded in the form of an infinite product. 
Example 1. Let q E C, 1 q 1 > 1, and 
G(x, y):= fi (1 + q-‘x + q-2j~y). (2.14) 
j=O 
Then the functional relation for G(x, y) is 
G(qx, qy) = (1 + qx + q2xy)G(x, Y). 
Now let M, N, E be defined as in (2.1), (2.2), (2.3), respectively, and let 
Rk(X, y):= fi (1 + qjx + q2jxy), 
j=l 
Then by the theorem above, we have for G(x, y) 
CMINIdx, Y) = - #. , 
Now we state our second result which is a substantial generalization of Theorem 2.1. 
Theorem 2.2. Fix q E @. Let m, n, p, v E N, m 3 ,uvn, n 2 4, p, v 2 1. Let 
M:= {(i,j): 0 < pi + vj d pvm, i,j > 0}, 
N:= {(i,j): 0 < i,j d ,uvn}, 
E:= {(i,j): 0 < ,ui + vj < ,uv(m + n), i,j 2 01. 
Let F(x, y) be entire in C x @ and satisfy the functional equation 
F(q”x, q”y) = RI (x, y)F(x> ~1, 
where Rl(x, y) is a polynomial of degree 1 in each x and y. Let 
(2.15) 
(2.16) 
(2.17) 
(2.18) 
1 
s 
F(t”x, t’y) dt 
l(x,y):=s r(n;“=“,(t_qk))twvm+l’ (2.19) 
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where F is a circular contour containing 0, q”, ql, . . . , qpYn, and let 
k-l 
Rk(X, Y) := n Rl (q”jX, 4”Yh 
j=O 
(2.20) 
1 P”n 
A(xpy):= (1 - q)“‘“[/.un]! kzO 
C (_ l)k I(;” qk(k-1)/2-kpv(m+“)Rk(X, y), 
[ 1 (2.21) 
1 d P”“’ 
B(x, y) := - - 
[I I 
F(t”x, t’y) 
(pvm)! dt (Dl;“=“, (t - qk) t=o’ 
(2.22) 
Then 
0) I(% Y) = 4% Y)% Y) + wx, y); (2.23) 
(ii) I(X, Y) = C dijx’yj, dijE C; 
(i, j) e N2\E 
(2.24) 
(iii) A(X, Y) = C C.ZijX’yj, @jE @, 
(i, j) E N 
(2.25) 
B(X, Y) = C bijX’yj, bij E C. 
(i,j)EM 
More precisely, 
(2.26) 
B(x, Y) = (2.27) 
4 
(iv) M GE and #(E\M)> #N-l, (2.28) 
and then the (M, N) nonhomogeneous multivariate Padb approximant to F(x, y) on set E is 
CMINI.&, Y) = - 3. , 
Remark. (1) If we restrict m 3 ,uvn +2 and n > 0 in Theorem 2.2 instead of m > pvn and n > 4, the 
results also hold. 
(2) If v = 1p (or p = Iv) for some 1 3 1, we let p = q” (or p = q’), then the functional equation 
(2.18) becomes 
J’(P, P’Y) = RI(x, Y)F(x, Y) (or ~‘(P’x, Y) = &(x7 Y)FCG ~1). 
We can also use Theorem 2.2 to obtain the [M/N&(x, y) to F(x, y), where 
M:= {(i,j): 0 d i + lj d lm} (or M:= {(i,j): 0 d li + j < lm}), 
N:= {(i,j): 0 < i,j d nl}, 
E:= {(i, j): 0 d i + 0 d l(m + n)} (or E:= {(i, j): 0 < li + j < I(m + n)>). 
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Example 2. Let q E @, 1 q 1 > 1, and 
E(x,y):= ; (1 + q-2jx + q5’y + q17jxy). 
j=O 
Then the functional relation for E(x, y) is 
E(q2x, q5y) = (1 + q2x + q5y + q7xy)E(x, Y). 
Thus p = 2, v = 5 in Theorem 2.2. Now let m 2 lOn, n 2 4, and 
M:= { (i,j): 0 < 2i + 5j d 10~1, i, j > 0}, 
N:= {(i, j): 0 d i, j d lOn), 
E:= {(i, j): 0 d 2i + 5j d lO(m + n)}, 
and let 
1 lOtI 
Q(Xy y):= (l- q)‘O”[lOn]! k=O 
C (_l)k ‘in qk(k-1)/2-10k(m+n) 
1 1 
k 
x fl (1 + q2rx + q5’y + q7’xy), 
*=l 
f=O 
(2.29) 
(2.30) 
(2.31) 
(2.32) 
Then by the theorem above, we have for G(x, y) 
CMIW,(x, Y) = - #. 
7 
Now we state the similar result for homogeneous multivariate Pad& approximants. 
Theorem 2.3. Fix q E @. Let 
F(g):= f Cj(z) 
j=O 
be entire in Ck, where cj is a homogeneous polynomial of degree j, and satisfy the functional equation: 
F (42) = RI (4 F (zh (2.33) 
where R,(z) is a polynomial of degree 1 in zl, . . . , zk that has theform a0 + alzl + ... -I- a!&, some 
a0, al, . . . , ak E @. Let m, n 3 0 be integers and 
1 
l(Z) = G s 
F(t_z)dt 
r(n;=o(t - qj))tm+” 
(2.34) 
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where r is a circular contour containing 0, go, ql, . . . , q”, and let 
j-l 
Rj(Z):= n Rl(9iZ), 
i=O 
1 
Q(z)‘= (1 - q)“[n]! j=. 
i (-1)’ n [I j qj(j-l)/2-j(m+n)Rj(z), 
P(z):= -$ .[ m 1{ 
Then 
(i) I(z) = QW'(z) + f’(z); 
m 
(ii) I(Z) = 1 dj(ZL 
j=m+n+l 
where d,(z) is a homogeneous polynomial of degree j; 
(iii) Q(Z) = i qj(Zh 
j=O 
p(Z) = f Pj(ZL 
j=O 
where each pj(z), qj(z) is a homogeneous polynomial of degree j. More precisely, 
/ 
P(z) = w)n+1 2 c Cj, ,,. j,z'; ." .$ m+n-v vn 4 n(n+ 1 /2+mn ‘I[ 1 m-v 4 ; v=o jl....,jr20 j,+ +jr=v 
and then the (m, n) homogeneous multivariate Padi? approximant to F(z) is 
P(z) Cmlnl(z) = - G . 
Example 3. Let q E C, 1 q 1 > 1, and 
F(x, y, z):= fi (1 + q-‘(x + 4y - 72)). 
j=O 
Then the functional relation for F(x, y, z) is 
J’(qx, qy, qz) = (1 + q(x + 4~ - 7z))F(x, Y, z). 
Let 
&(X, y, z) := fi (1 + qj(x + 4y - 72)), 
j=l 
(2.35) 
(2.36) 
(2.37) 
(2.38) 
(2.39) 
(2.40) 
(2.41) 
(2.42) 
(2.43) 
(2.44) 
(2.45) 
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then &(x, y, z) is a polynomial of degree k. For m, n 2 0, m, n E N, let 
=,~(~!~~:.~o~~~~~~xrYsz~ [“m’l,qcfn. 
Then by the theorem above, we have for F(x, y, z) 
(2.46) 
(2.47) 
3. Proofs 
We recall that Theorem 2.1 is a special case of Theorem 2.2; so we concentrate on the latter. 
Proof of Theorem 2.2. (i) From the functional equation (2.18), we have for k > 1, 
F(q”kx, @ky) = F(~P. @k- Ux, g. g(k- Uy) 
= ~l(q’(k-UX, q~WUy)~(4~(k-~)X, 4Hk-“Y) 
= Rl(q”‘k-l)X, qv(k-l)y)Rl(qP(k-2)X, qW-2)y)q4/4k-2)X, 4W2’y) 
k-l 
= n Rl(q"% q”j~) F(x, Y) 
j=O > 
=: Rd.% J’)F(x, Y), 
where Rk(x, y) is defined by (2.20). 
Now by the residue theorem and (3.1) 
s F(PX, t”y) dt r cn,“‘=“, (t - qk)) Pm+ l 
(3.1) 
P”n 
=c 
k=O 
JYqpkx, qVky) F(t”x, t’y) 
n:‘=“& - CIk) t=o 
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Pvn 
=c Rkt& dFtx, Y) 
k=O r=o 
=(l-q)~““[~vn]!k=O~‘. 
‘s (_ l)k p; qW W-b~(m+nf~k(X, y) 
.i 1 
= A@, Y)Fb, Y) + w, Y) 
by (1.21), where A(x, y) and B(x, y) are defined by (2.21) and (2.22). 
(ii) As F(x, y) is entire in @ x @, we have the Taylor expansion of F(x, y): 
F(X, y) = C CijX'Yj, Cij E C; 
(i, j) E N ’ 
so 
~(p~, py) = C C..p+vjXiyj. 
(i,j)cN* ” 
(3.2) 
From (2.19) we observe that the denominator in 1(x, y) is a polynomial of degree pv(m + n) +2. 
Thus any terms of F(Px, t”y) of order less than ,~v(m + ~1) + 1 in t vanish on integration; so 
I(% Y) = c dijx’yj, dij E @, 
(i,j)EN’,Ili+vj.Bv(m+n)+l 
(3.3) 
i.e., (2.24) holds. 
(iii) As RI(x, y) is a polynomial of degree 1 in each x and y, &(X, y) defined by (2.20) is 
a polynomial of degree k in each x and y; then ,4(x, y) defined by (2.21) is a polynomial of degree ,~vn 
in each x and y, i.e., (2.25) holds. 
Now 
1 
nf”=“o (t _ qk) = (- l)pvn+lq 
by (1.22), then 
(3.4) 
F(t’x, t”y) C-1) pvn+1 00 
n:“=“, (t - qk) = qa”fi(pv”+1)‘2 r,s,l=O 
c c,, [,y:, ‘1 q-lt”sltrr+“s+rXrys, 
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and 
i.e., 
B(X, Y) = C bijX’yj = 1 bijx’yj, bijE @. 
pi+vj=O 0. j) E M 
This completes the proof of (iii). 
(iv) M c E is obvious. Let 
[x] := greatest integer d x. 
For (i,j) E M, 
0 d pi + vj d pm; 
#M=f j=o([-y +I), 
Similarly, 
P(m+n) 
#E= 1 
j=O ([ v(m+n)-; +1 I > 
(3.5) 
(3.6) 
(3.7) 
(3.8) 
(3.9) 
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So,asMcEand[x]+l>x, 
#(E\M) = #E - #M 
= vn(pn + 1) + f j=l ([vn-;] +1) 
B vn(/un + 1) + f 
( ‘> 
vn-!! 
j=l P 
= vn(p2 + 1) + pvr? - +vn(pn + 1) 
> (,u~n)~ + +vn + $pvn2 (as in 2 pvn) 
2 (~vn)~ + 2pvn (as n > 4) 
= #N -1. 
Also as above, if m 3 pvn +2 and n > 0, 
#(E\M) > vn(,m +l) + f 
j=l 
= vn(pn + 1) + pvn2 - +vn(pn + 1) 
B (pvn)2 +2pvn + +pvn2 -+vn (as m>pvn+2) 
2 (pvn)2 + 2pvn (as n2 2 n) 
= #N -1. 
Combining (i)-(iv), we have for F(x, y) 
W-T Y) CWNI&, Y) = - ~ 
Ak Y) ’ 
This completes the proof of Theorem 2.2. 0 
Note that if 
p=v=l and man>0 3 
this becomes the case in Theorem 2.1, and from (3.8) and (3.9), 
#(E\M) = n(m + 1) + f (n + 1 - j) 
j=l 
=mn+n+n(n+l)-$n(n+l) 
2 n2 + n + n(n + 1) - +n(n + 1) (as m 3 n) 
=n2++n2+$n 
an2+2n (as n’an) 
= #N -1. 
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Proof of Theorem 2.3. (i) From the functional equation (2.33), and the definition equation (l.ll), 
we have for integers j > 1, 
F(qb) = F(q*qj-5) 
= &(qb)F(qj-‘z) 
= Rl(qj-‘z)Rl(qj-22)F(qj-22) 
= . . . 
(3.10) 
where Rj(z) is defined by (2.35). 
Now by the residue theorem and (3.10), 
s F(u) dt r<n;dJ @ -q-w”+’ 
f’(tz) 
l-p0 (t - 4’) t=o 
R,(Z) J’(Z) FM 
l-gEO (t - 4’) t=o 
+ 
= Q(dF(z) + P(z)> 
where Q(z) and P(z) are defined by (2.36) and (2.37) respectively. 
(ii) As F(g) is entire in Ck, we have the Taylor expansion 
F(Z) = f Cj(g) = 2 Cj,...j,z~ ... $9 Cj,...j, E C, 
j=O j,+ +jx=O 
where cj is a homogeneous polynomial of degree j, so 
F(b) = 2 Cj, ___ j, t j,+...+j, jl z1 .-* Z;. 
j,+ +j,=O 
(3.11) 
(3.12) 
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iFrom (2.34) we observe that the denominator in I(z) is a polynomial of degree m + n + 2, then any 
terms of F(t_z) of order less than m + n + 1 in t vanish on integration, so 
I(z) = f dj ,... j,zi ... Zi, dj ,... j,Ec, (3.13) 
j,+ +j,=m+n+l 
i.e., (2.39) holds. 
(iii) As RI (_z) is a polynomial of degree 1 in zl, . . . , zk, Rj(z) defined by (2.35) is a polynomial of 
degreej in zl, . . . , zk, and then Q(z) defined by (2.36) is a polynomial of degree II in zl, . . . , zk. After 
rearranging it into a homogeneous expression, we have (2.40). 
Similarly to the proof of equation (2.27) in (iii) of Theorem 2.2, we have from (1.22) 
Fttz) 
flyzo (t - q’) = 
n+P 
[ 1 q -wp+I,+ .” +r, 11 ... 4 p '1 zk, 
and 
P(z) = ‘;n?::,: 
4 
1 cll...lk n + p q-M(“z; ... z:: 
P,II,...,lk>O [ 1 P 
= t-l)fl+1 f 
4 
n(n+l)/2+mn 
v=o 
i.e., 
m 
PM = 1 JI pj,...j,Zl “* Zt, pj,...j,EC. 
j,+ +j,=O 
This completes the proof of (iii). 
Combining (i), (ii) and (iii), we have for F(z), 
(3.14) 
P(z) Cm/n1 (4 = - z. 
This completes the proof of Theorem 2.3. 0 
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